Unsaturated permeability function can be estimated by theoretical models from soil-water characteristic curve (SWCC). To date, there are numerous estimation models that can be used to obtain the unsaturated permeability function from SWCC. However, each model results in a different estimation curve. The reason for this difference is not well understood.
Introduction
Flow through the unsaturated zone of soil contributes to a variety of geotechnical and geo-environmental problems. The unsaturated permeability function is the most important hydraulic property governing the flow process. Therefore, knowledge of the unsaturated permeability function is crucial in the analysis of the flow process in the unsaturated zone. The unsaturated permeability function can be directly measured in soil laboratories; however, a reliable measurement of the permeability function for an unsaturated soil is challenging due to the time-consuming nature and high cost of taking direct measurements (van Genuchten, 1980; Agus et al., 2003; Chaminda et al., 2013) . To overcome the high cost and the other challenges associated with taking direct measurements, the unsaturated permeability function can be estimated by theoretical models derived from the soil-water characteristic curve (SWCC). There are numerous estimation models that can be used to obtain the unsaturated permeability function from the SWCC. However, each model results in a different estimation curve for the unsaturated permeability function, and no unified model which can be used for all soil types has been put forward to date (Mualem, 1986) . The reason for this difference is not well understood.
The objective of this study is to provide an understanding of the underlying reasons behind this variation. In this study, the available SWCC equations and the available relative permeability (k r ) equations were combined to form a matrix of unsaturated permeability estimation models. The matrix of unsaturated permeability estimation models was used to study the effect of the SWCC equations and relative permeability (k r ) equations as factors controlling the estimation of the unsaturated permeability function. The study was conducted on twenty sets of published data which had experimentally measured SWCC and unsaturated permeability (k w ) data.
Background

Combination of soil-water characteristic curve and relative permeability equations
Unsaturated permeability estimation models usually combine knowledge of the soil-water characteristic curve (SWCC) with a flow equation and derive an equation to estimate the unsaturated permeability function. This procedure is in fact an integration of the SWCC with a relative permeability (k r ) equation. The outcome of this integration (or combination) is an unsaturated permeability estimation model. Researchers have proposed different unsaturated permeability estimation models by combining a specific SWCC equation with a specific k r equation (Brooks and Corey, 1964; Brutsaert, 1966; van Genuchten, 1980; . However, there is significant variation between the estimated unsaturated permeability functions using these models. It appears that the SWCC and the k r equations are among the factors controlling this variation and a standard procedure is required to investigate their effects.
Selection of relative permeability (k r ) equations
Unsaturated permeability estimation models can be divided into uniform pore-size and parallel models, known as macroscopic models, and series-parallel models, known as statistical models. The uniform pore-size models (Kozeny, 1927; Carman, 1937; Averjanov, 1950; Yuster, 1951; Irmay, 1954; Carman, 1956) have been shown to have limited applicability (Wyllie and Spangler, 1952) . Since the parallel models (Purcell, 1949; Burdine et al., 1950; Gates and Tempelaar Lietz, 1950; Fatt and Dykstra, 1951; Wyllie and Spangler, 1952; Burdine, 1953; Wyllie and Gardner, 1958; Rowe, 1960) overestimated the unsaturated permeability at high suction values, the concept of tortuosity was introduced to compensate for the poor fit between the measured and the predicted values (Burdine, 1953; Fatt and Dykstra, 1951; Gates and Tempelaar Lietz, 1950; Wyllie and Spangler, 1952) . The series-parallel models (Childs and CollisGeorge, 1950; Marshall, 1958; Millington and Quirk, 1959; Kunze et al., 1968; Mualem, 1976; Assouline, 2001) accounted for the random distribution of pore-sizes in the direction of flow by introducing a "cutting and rejoining" concept. While these models may underestimate the relative permeability at low moisture contents (Brutsaert, 1966) , they do appear more theoretical, and they are well-suited for practical use due to the fewer empirical factors required. Mualem and Dagan (1978) generalized Childs and CollisGeorge, Burdine and Mualem models as statistical models as follows:
Generalized Childs and Collis-George (C)
Generalized Burdine (B)
where k r is the relative permeability, ψ is suction, kPa, θ is the effective volumetric water content defined as θ ¼ θ w À θ r , θ w is the actual volutric water content, θ r is the residual volumetric water content, θ S is the saturated volumetric water content, ϑ is a dummy variable of integration, S e ¼ θ w À θ r θ S À θ r is effective saturation and b and n 1 are parameters accounting for tortuosity. It should be noted that the Burdine model was considered as a statistical model (Mualem and Dagan, 1978) even though it is a parallel or macroscopic model which incorporates the random distribution of pore-sizes by means of a tortuosity factor. These equations (i.e., (1), (2) and (3)) were selected as relative permeability equations (k r ) in this study.
Selection of soil-water characteristic curve equations
The soil-water characteristic curve (SWCC), which is defined as the relationship between the amount of water in the soil and soil suction (Fredlund, 2002) , is a key factor in the estimation of unsaturated permeability function. The SWCC can be obtained in the laboratory through measurements of the soil water content at different suction values. A mathematical equation can be used to best-fit the measured SWCC data. To date, there have been numerous best-fit equations proposed for the soil-water characteristic curve of unsaturated soil (Brooks and Corey, 1964; Brutsaert, 1966; Gardner, 1958; McKee and Bumb, 1984; McKee and Bumb, 1987; van Genuchten, 1980) . Among all the equations, those proposed by van Genuchten (1980) and give more flexibility to the equation to best-fit the measured data (Leong and Rahardjo, 1997) . equation is expressed as:
Á is a correction factor, ψ r is the suction corresponding to the residual water content, a is the fitting parameter related to the air-entry value of the soil (kPa), n is the fitting parameter related to the slope of the SWCC, m is the fitting parameter related to the residual water content of the soil, e is the Euler number, 2.71828, ψ is soil suction or total suction, (kPa). Leong and Rahardjo (1997) concluded that C ψ ð Þ in Fredlund and Xing equation can be assumed to be equal to unity without affecting the initial portion of the SWCC. Furthermore, this serves to reduce the number of parameters in the equation. Therefore, Eq. (4) takes the following form:
van Genuchten (1980) proposed Eq. (6) to best-fit SWCC data.
where α, n and m are fitting parameters. van Genuchten constrained m ¼ 1 À 1=n in his SWCC equation and derived a closed form solution for the estimation of the unsaturated permeability function. It should be noted that the flexibility of Eq. (6) will be less when the number of fitting parameters is reduced (Leong and Rahardjo, 1997) . The limited form of van Genuchten equation (1980) is as follows:
Eqs. (4)- (7) are selected as the best-fit SWCC equations to be investigated in this study.
Methodology
The selected best-fit SWCC equations and the k r equations form a matrix as shown in Table 1 . A combination of each pair (i.e., one SWCC equation and one k r equation) will result in one unsaturated permeability estimation model. The matrix shown in Table 1 was created as the standard procedure to study the effect of SWCC and k r equations. The designated names of each model as shown in Table 1 
Procedure of combining SWCC and k r equations
The SWCC can be represented by any function which describes the relationship between the volumetric water content, θ w and suction, ψ, of a soil. The function θ w ¼ f ψ ð Þ expresses the volumetric water content as a function of suction, while the inverse of f ψ ð Þ expresses the suction as a function of volumetric water content, ψ ¼ f À 1 θ w ð Þ¼ g θ w ð Þ (see Fig. 1 ). A generalized equation which defines the relative permeability, k r equation of a soil as a function of volumetric water content can be expressed as follows:
where, θ wL is the lower limit of integration for volumetric water content and d is a parameter which varies according to the model. Eq. (8) can be transformed to a form that describes , FCM a FBM FMM the relative permeability equation as a function of suction:
Fig . 1 shows the integration limits for both the k r θ w ð Þ and k r ψ ð Þ equations. In general, SWCC can be divided into a finite number of intervals along the volumetric water content or suction axis. The relationship between two subsequent points on the curve can be described by a polygon or linear equation as follows:
Fig . 2 shows the division of SWCC into a finite number of intervals along the volumetric water content or suction axis and their respective equations. If Eq. (11) is substituted into Eq. (8) or Eq. (10) is substituted into Eq. (9) and the integration is performed numerically, a series can be obtained as an unsaturated permeability estimation model which can be expressed as a function of the volumetric water content or suction, respectively.
In order to obtain the θ w ¼ f ψ ð Þ relationship, a SWCC equation (i.e., Eqs. (4)- (7)) was used to best-fit the experimentally measured SWCC data with the least square method. The best-fit curve was divided into a finite number of intervals along the suction axis. Eqs. (10) or (11) was then used to represent the relationship between two subsequent points on the curve and substituted into a k r equation (i.e., Eqs. (12)- (14)). By performing numerical integration along the respective axis, three general permeability estimation models are obtained. Table 2 shows the models based on their k r equations.
Assumptions made in the combined models
1) All the models considered in this study were developed based on actual volumetric water content (θ w Þ and not on effective water content θ ¼ θ w À θ r . The residual volumetric water content, θ r , is required in order to compute the effective water content, θ ¼ θ w À θ r . The residual volumetric water content is defined qualitatively as the water content below which a large increase in suction is required to remove additional water . However, there is no theoretical definition for this parameter. The common practice for determining the residual water content is by the graphical method Vanapalli et al., 1998) and there is no independent procedure for determining the residual water content (van Genuchten, 1980) . If an effective volumetric water content (normalized) is used in estimating the unsaturated permeability of soil, the value of relative permeability, k r , at residual volumetric water content, θ r is zero . However, in soil physics, the unsaturated permeability at θ r cannot be zero (Brutsaert, 1966) . Therefore, the models presented in this study were based on actual volumetric water content and not on the normalized volumetric water content. 2) Parameters b and n 1 were introduced into Eqs. (1)- (3) to provide relative permeability models with more flexibility (Mualem and Dagan, 1978) . However, these two parameters need to be determined emperically from measured data. Therefore, the value of these two parameters depends Childs and Collis-George (C)
on the soil database under consideration. For instance, values of 0, 2 and 0.5 were proposed for parameter n 1 by Childs Collis-George (1950), Burdine (1953) and Mualem (1976) , respectively, based on their soil database. As the objective of this paper was to investigate the variation between the different models fairly independent from soil database, correction factor was not considered. Therefore, the value of zero was considered for parameter b and n 1 in Eqs. (1) 
Burdine (B)
3) Vapor permeability was assumed as a lower limit for the estimated relative permeabilities in the study. The vapor permeability was computed based on modified form of Fick's law and it was normalized with respect to the saturated permeability of the soil (i.e., relative vapor permeability). The details on the lower limit of permeability can be found in Ebrahimi et al. (2004) and Peters and Durner (2008) .
Results and discussions
General assessment
Twenty sets of published data which had experimentally measured SWCC and permeability data as shown in Table 3 were selected from the literature. The measured SWCC data of each soil was best-fit by Eqs. (4)- (7) by the least square method. Table 4 shows the values of SWCC fitting parameters for Silt loam (S8) and Guelph loam (S1) soils. The unsaturated permeability functions were then estimated by the matrix of unsaturated permeability estimation models shown in Table 1 . Therefore, fourteen unsaturated permeability functions (2 existing models and 12 models combined in this study) were estimated for each of the soils selected in the study. Fig. 3 shows the results of best-fit SWCCs and the estimated unsaturated permeability functions (i.e., shown as relative permeability) of Silt loam. The root mean square error (RMSE) was used as a statistical measure to evaluate the fit of the estimation models to the measured data for the soil database as presented in Table 5 . The RMSE is defined according to Eq. (15).
Where, k r is the measured unsaturated permeability value,k r is the estimated unsaturated permeability value, X is the number of measured data points and i is a counter.
The RMSE values show the deviation between the measured unsaturated permeability and estimated values. An overall comparison of the RMSE values for all 14 estimation models (matrix of unsaturated permeability estimation models) suggests that the VMM m ¼ 1À 1/n, VCM m ¼ 1À 1/n and F&X-1994 models resulted in the lowest average and standard 
Effects of SWCC and k r equations
It seems that, based solely on RMSE values, the conclusion of what model gives the best or worst estimation is soil database dependent and may vary with different databases. Therefore, it is important to evaluate the variation between the estimation models independent from the soil database and to evaluate the effect of the SWCC equation and k r equation.
All the permeability estimation models were categorized into a SWCC equation category (i.e., same SWCC equation and different k r equations to study the effect of k r equations) and k r equation category (i.e., same k r equation and different SWCC equations to study the effect of SWCC equations). The SWCC equation category contained four groups, namely , with C ψ ð Þ ¼ 1, van Genuchten (1980) and van Genuchten (1980) with m ¼ 1À 1=n based models. The k r equation category contained three groups, namely the Childs Collis-George, Burdine and Mualem based models. This is later shown when presenting the results in Tables 5-7. The permeability values estimated by the estimation models in each group of the respective category were then compared. For instance, the permeability values estimated by the FCM, FMM and FBM models in the group in the SWCC category were compared. The comparison was done by computing the logarithmic difference between the maximum and minimum permeability values estimated by the models at the last measured suction value of the SWCC data point. For example, the last measured SWCC data point for Guelph loam soil (i.e., S1) was at a suction value of 95.56 kPa, so all of the difference indices were computed and compared at this suction. The results for all of the soils are presented in Table 6 . A smaller value for the difference index meant that the models of the respective group estimated more or less the same relative permeability values, while a larger value meant the models of the respective group estimated different relative permeability values. As presented in Table 6 , the average of the difference indices for the SWCC category (i.e., effect of k r equations) was smaller than that of the k r category (i.e., effect of SWCC equations). However, there were two exceptions: one in the SWCC category for van Genuchten (1980) m ¼ 1 À 1/n based models with an average of 1.356, which was comparable to the k r category averages, and another in the k r category for Burdine based models with an average of 0.880, which was comparable to the SWCC category averages. When the Burdine based models were excluded from the analyzes of the difference indices, the pattern of the results became quite clear as shown in Table 7 . As Table 7 shows, the difference indices were 0.146, 0.150, 0.153 and 0.499 for the SWCC category, which were much smaller than the 1.420 and 1.282 for the k r category. It can be observed that the SWCC equation had a more significant effect on the estimation of unsaturated permeability function than the relative permeability equation. It can also be seen from Table 7 that the difference index of the van Genuchten m ¼ 1À 1=n based models decreased from 1.356 to 0.499 when the Burdine based models were excluded and the results became consistent with the other SWCC category models (although slightly higher due to the lower flexibility of this equation compared to other SWCC equations). As discussed earlier, Burdine based models resulted in high RMSE values for 16 of 20 soils used in this study. The high RMSE values of the Burdine based models are due to the underestimation of the unsaturated permeability values at a relatively lower suction range and overestimation at a higher suction range. If a correction factor is considered for Burdine based models, the computed RMSE values will increase and it becomes apparent that considering a tortuosity factor is a modification in the wrong direction (Rahimi, 2015) . These models are reported to be in less agreement with measured data (Mualem, 1976; van Genuchten, 1980) . In order to illustrate the effect of SWCC equations on the estimation of unsaturated permeability function, the results Table 5 Computed RMSE values and their averages and standard deviations for the entire soil database. 
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Green color: lowest RMSE value; Red color: highest RMSE value. Table 6 Computed difference index at suction value of last measured SWCC data point for entire soil database Soils S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 S20 Average Standard deviation SWCC Category 0 Table 7 Computed difference index at suction value of last measured SWCC data for entire soil database-No Burdine.
Soils S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 S20 Average Standard deviation SWCC Category for Guelph loam soil (i.e., S1) for Mualem based models (i.e., FMM, FMM C(ψ)¼ 1, VG-1980 and VMM) are shown in Fig.  4 . As shown in Fig. 4b , the four estimated relative permeability curves by Mualem based models varied although the same k r equation was used. The four best-fit SWCCs as shown in Fig.  4a had more or less the same shape until their last measured SWCC data point and started to vary significantly from each other after this point. It appears that, for soils whose best-fit SWCCs vary significantly, the estimated relative permeability curves would also vary significantly. This means that the SWCC equation plays an important role in the estimation of unsaturated permeability function. This behavior was observed for all of the soils in the k r category, as indicated by larger values of difference indices in Table 7 . In order to illustrate the effect of k r equations on the estimation of unsaturated permeability function, the results for Guelph loam soil (i.e., S1) using based models (i.e., FCM, FMM) are shown in Fig. 5 . As it can be seen from the figure, the estimated relative permeability curves had more or less the same shape and the variation between models was almost negligible even though two different relative permeability equations were used. It appears that relative permeability equation plays a less important role in the estimation of unsaturated permeability function of soil. This behavior was observed for all of the soils in the SWCC category, as indicated by the smaller values of difference indices in Table 7 . Therefore, if different best-fit SWCC equations are used, the resulting relative permeability curves will have different shapes even if the same relative permeability equation is used in developing the estimation model. On the other hand, if the same best-fit SWCC equation is used (or if the SWCC curves are quite similar), the resulting relative permeability curves will have marginal variation even if different k r equations are used in the development of the estimation model.
The difference indices were computed at a suction value of one log cycle after the last measured SWCC data points (see Figs. 4 and 5) and the results are shown in Table 8 . It can be seen from the table that the increase in the average value for the k r category was quite significant compared to that for the SWCC category. For instance, the average value for based models increased from 0.146 to 0.162 in the SWCC category, while the average value for Mualem based models increased from 1.420 to 10.550 in the k r category (it should be noted that the average value for the Burdine based models increased from 0.880 to 5.339, which was consistent with the results of the study). From the results presented in Table 8 , it can be concluded that if the same SWCC equation and different k r equations are used for the estimation of unsaturated permeability in seepage analyzes, the results of the analyzes will have small variation even at the extrapolated suction range. This means that a change of k r model may not noticeably change the results, even if the permeability is estimated beyond the measured SWCC data. On the other hand, if different SWCC equations and the same k r equation are used, the results of the analyzes will differ considerably, especially at the extrapolated region. This means that a change of SWCC model may significantly change the results, especially if the permeability is estimated beyond the measured SWCC data. Therefore, it can be concluded that the SWCC equation has a more significant effect on the estimation of unsaturated permeability function than the relative permeability equation.
Based on the study conducted by Rahimi et al. (2015) , it was found that the effect of SWCC suction range is more significant than the effect of selected SWCC best-fit equation on the estimation of unsaturated permeability functions. Using SWCC over a full suction range would reduce the variation amongst all the models. A sensitivity analysis was performed and it was found that the models developed based on best-fit SWCC equation were least sensitive to the SWCC suction range . Therefore, if the measured SWCC data were not available in the full suction range, it is best to use based models (i.e., FMM and FCM) for the estimation of unsaturated permeability function.
Conclusions
The following conclusions can be made from the results of this study on the effect of SWCC and relative permeability equations on estimation of unsaturated permeability of unsaturated soils:
1. Twenty sets of published data, which included measured SWCC data and measured k ψ ð Þ data, were collated from the literature. The root mean square error (RMSE) was computed for all of the soil in the database as a statistical measure to evaluate the fitness of the estimation models (i.e., 12 unsaturated permeability estimation models and the two existing models F&X-1994 and VG-1980) . Comparisons between the average RMSE values for all estimation models on an overall basis suggest that VMM m ¼ 1À 1/n, VCM m ¼ 1 À 1/n and F&X-1994 models result in the lowest average and standard deviation RMSE values for all models for the selected soil database used in this study. On the other hand, the Burdine based estimation models (i.e., FBM, FBM C ψ ð Þ ¼ 1, VBM and VBM m ¼ 1À 1/n) gave the highest RMSE values for 16 of the soils. 2. The conclusion regarding which model offers the best or worst estimation, based only on RMSE values, is that it depends on the soil database and varies for different databases. Therefore, variation between all the estimation models was studied independently from the soil database Table 8 Computed difference index at suction value of 1 log cycle after last measured SWCC data for entire soil database-No Burdine.
Soils S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 S11 S12 S13 S14 S15 S16 S17 S18 S19 for the controlling factors: SWCC and k r equations as identified in this study. 3. If different best-fit SWCC equations were used, the resulting relative permeability curves would have different shapes even if the same relative permeability equation was used in developing the estimation model especially at the extrapolated suction range. On the other hand, if the same best-fit SWCC equation was used (or the SWCC curves were quite similar to each other), the resulting relative permeability curves would have marginal variation in the entire suction range even if different k r equations were used in the development of the estimation model. In other words, the best-fit SWCC equation has more significant effect on the estimation of unsaturated permeability function as compared to the relative permeability equation.
S20
